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1. INTRODUCT~~N 
Let (a’,,),;=, denote a nondecreasing sequence of positive numbers and 9 
the Gel’fond-Leont’ev differential operator which transforms the function 
% 
J‘(z) = C ,f;,z” into S?f’(z) = f d,,f,,Y ’ (see C71). 
II = 0 ,I= I 
The k th iterate of 9 is given by 
@f(z)= f d,;..d,,~mk+, f;,z’f-k 
II = k 
where k = 0, 1, 2 ,..., and e, = I, e,, = (d, d, . d,,) ‘, n = 1, 2 ,... The Taylor 
series of the function 
can also be written in the form 
,f(z) = f qf-(0) e,,z”. 
II = 0 
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If d,, = n, $9 corresponds to the ordinary derivative operator; if d, = 1, 9 
reduces to the shift operator Y which transforms 
Define 
f(z) = F fr$ into LYf(z) = f fil+,z”. 
,I = 0 ,I == 0 
E(z)= f e,z” 
II = 0 
and note that this function bears the same relationship to the operator 9 
as the exponential function bears to ordinary differentiation, i.e., 
9E(z) = E(z) and E(O) = 1. 
Buckholtz and Frank [3] showed that the operator 9 possesses a Whit- 
taker constant W(9), which is a number with the following properties: 
(i) O<d,/2< W(g)<d d/(d d +d2)‘j2<d 112 12 
(ii) if lim sup IPf(O)l ‘In < W(9) ind eaih of f, 9h 
n-rao 
g2f,..., has a zero in {z: IzI 6 l}, thenf-0, (1.1) 
(iii) there exists an F such that lim sup IWF(O)l”” = 
n+m 
W(9) and each of F, 9F, 9’F ,..., has a zero in {z: Izj < l}. 
Frank and Shaw [6] considered the problem of expansion of holomorphic 
functions in the form 
.f(z)- i rf(~~,,) Q,,k Jo ,..., L I), 
,1 = 0 
where (L,,),y=, is a sequence of complex numbers and the polynomials 
QJz; A0 ,..., I.,, ~ ,) are defined by 
Qob) = 1, e,,z”= i e,,-kl;-kQk(z;iO ,..., ikpl). (1.2) 
k=O 
These polynomials are called generalized AbelLGonEarov polynomials; 
they satisfy the biorthogonality relation 
WQ,(lu,,; Ao,..., A,,- 1) = 6,,, (1.3) (see [3]). 
We note that 
W(9)= ( sup HA’*) -1, 
1 <n<m 
(1.4) 
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where H, = max IQJO; I ,,,..., r,, , )I (n = 1, 2 ,...) and the maximum is taken 
over all sequences jzk ); :- h whose terms lie in (z: 151 < 1 1 (see [ 33 ). 
Now let R = (R,,l,:_ , denote a nondecreasing sequence of positive num- 
bers; the R type of a. holomorphic function 
f(z) = i: .f;$ 
x =o 
is 
~R(f)=,@x sup IfnR,Rr...R,,ll~” ( 
Frank and Shaw [6] proved the following: 
THEOREM. Ifz,J.f‘)G 1, O<C< W(9), anl 1’ 
l&l 6 CR,,+ Jd,,+ , , n = 0, l,..., then 
.5) (see Nachbin [ 171). 
f(z) = c Wf(A,,) Q,,(z; A0 ,..., i.,,- ,) 
,I = 0 
with uniform convergence on compact subsets of the domain qf convergence 
Off 
Here we always suppose that 
(a) (R,, + JR,,),:-=, has limit 1; 
(b) (d,, + Jd,?),, = , is nonincreasing and has limit 1. 
In this paper we will extend the above result of Frank and Shaw in the 
following sense: we prove that the GonCarov polynomials constitute a basis 
in certain nuclear Frechet spaces of holomorphic functions, the topology of 
which is in general finer than the topology of uniform convergence on com- 
pact subsets. This result can be applied to solve the following interpolation 
problem (see Theorem(5.1)): Let 1/2,,J<cR,,+,/d,,+,, n=O, l,..., O<c< 
W(9) and let (a,,):+ denote a sequence of complex numbers; find a 
holomorphic function g of R-type rR( g) < 1 such that 
(%?)(A,) = a,,> n = 0, 1, 2 ,... . 
The above interpolation problem is solvable if and only if 
RIRZ.” R, l/n 
lim sup 
d,d,... d, an 
< 1. 
II + a 
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In particular the function g is given by 
g(z) = 5 %Q,k 10 >...> &I- I). 
II = 0 
As special cases we obtain the solution of the interpolation problem 
g”W,,) = a,,, n = 0, 1) 2 )... . 
in various classes of entire functions. 
In the proofs of these results we use several facts from functional 
analysis, such as the absoluteness of bases in nuclear Frechet spaces (see 
[ 161) and the equivalence of bases in nuclear Frechet spaces (see 
[ 18-201). 
In the second part of the paper we study the representation of 
holomorphic functions as infinite series (Pincherle series) of the form 
where E is the exponential function belonging to the Gel’fond-Leont’ev dif- 
ferential operator 9 and (n,7);=0 is a sequence of complex numbers. These 
results are extensions and generalizations of [ 111 and [ 15). 
Combining the above facts with a theorem due to Ibragimov and 
Nagnibida [12] we obtain an sharper estimate for the Whittaker constant 
W(9) than (1.1) namely, 
where co is the solution of E(o) = 2 in [w +. 
2. PRELIMINARY RESULTS 
Let S = (S,, I:= i be a sequence of positive numbers and let 
F%1= c.f= (f,,),“=o: ~.a-) 6 11 
denote the space of holomorphic functions 
f(z)= f fnz” 
?I=0 
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of S-type at most 1. We endow the space .YY,, with the topology generated 
by the system { j/. 11 r: 0 < r < 1 ) of seminorms 
llfllr= i S,&...&r” I.L,L so= 1. 
P1 = 0 
Note that forfEFS,i and O<r< 1, 
lim sup ir”S, S, . . . SJI ‘in = t-z,(f) < 1; 
n-cc 
hence 11. (I ~ is well defined. The space LEE,, is topologically isomorphic to the 
space 9, of all functions holomorphic on {z: Iz] < 1 }, endowed with the 
topology of uniform convergence on the compact subsets. An isomorphism 
is given by 
(V)(z)= f ~1~2”~Kw’, f'E Fs.1 . (2.1) 
n=O 
The space P, is a nuclear Frechet space (see [ 191); hence qs,, is also a 
nuclear Frechet space. 
EXAMPLE 1. If lim, _ x) S, = p > 0, then YS,, is topologically isomorphic 
to the space FP of holomorphic functions on (z: (z( <p} with the topology 
of compact convergence. 
EXAMPLE 2. If lim,,, ,L S,, = CD, then FY,, is a proper subspace of the 
space of all entire functions. The function 
f(z)= 2 (s,s2...s,,)-‘,2z’1 
l, = 0 
is an entire function, which is not in TY,, 
The topology of FS,, is strictly finer than the topology of uniform con- 
vergence on compact subsets of the plane. As we have already seen, the 
space FS,, is a complete topological vector space, which will be very impor- 
tant for the sequel, whereas the space of entire functions of S-type at most 
1 endowed with the topology of compact convergence is not complete. If 
one takes S, = (n/pa)‘lP, p, g>O, then FR,, is the space of all entire 
functions of order less than p or of order equal to p and type less than or 
equal to (T. This one easily obtains from the corresponding formulae of the 
Taylor coefficients of such entire functions (see [2] or [14]). We denote 
these spaces also by [p, 01. 
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Next we define 
B s,m = if= ur,),“= 0: rs(f) = 0 1 
and equip this space with the topology generated by the system of 
seminorms 
{Il~II.:O-~}, where Ilfll,= f S,&...S,,Y” If,,I. 
II = 0 
Now 9& is topologically isomorphic to the space PX of all entire 
functions with the topology of compact convergence. Hence YS,, is a 
nuclear Frechet space. 
EXAMPLES. If lim, _ ~ S, = co, PS., is a proper subspace of the space of 
all entire functions. If S,, = nllp, p > 0, then FS,, is the space of all entire 
functions of order less than p or of order p and minimal type. 
Now we consider the nuclear Frechet spaces PP (0 < p < co), the 
topological of which can be defined by the system of norms 
lllflllr=max{I.f(z)l: I4 =y>, O-crcp, fEFp, 
or equivalently by 
II.fllr= T flfnll O<r<p: 
l7=0 
where 
f(z)= f fnz”. 
n=O 
The topology of the strong dual 9; of PP coincides with the inductive limit 
topology determined in FL by the system of unbounded norms 
III~lIl:=~~P{I~~f~l:f~~~~ Illflll,G l), L~9-b (see [13,21]). 
A linear functional L on PP is continuous if and only if there exists a num- 
ber I < p such that 
lllLlll:< a (see [ 133). 
Also the dual space P; can be identified with a sequence space (Kiithe 
space) by 
&L) = LY n = 0, 1, 2 )...) 
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where g,(z) = z”. Then the topology on 9;, is also given by the system of 
unbounded norms 
IL 
llLll:= SUP )I> O<r<p, 
os17<cc r 
where L= (L,,);zo~SF”;. 
The duality is defined by 
L(f) = f L,,.f,,~ 
n = 0 
where L=(L,,),“=,EFL and f =(f,);=,~3$. Now let {X,, Xn};=,*=, 
(X, = (X,,)F=, E FP, X:, = (XH,)~=, E 9;) be a complete biorthogonal 
system for PP, i.e., the finite linear combinations of the elements X, are 
dense in T1 and rn(X,)=6,,,. In the sequel we shall often use the 
following: 
(2.2) THEOREM. A complete biorthogonal system (X,,, Xn}zzo ,for 8, 
constitutes a basis in &, i.e., each f E PP has a unique expansion 
if and only if the following condition is satisfied: for each r (0 < r < p) there 
exists a number s (0 <s < p) such that 
The proof of this theorem depends on the fact that each basis in a 
nuclear Frechet space is absolutely convergent (see [ 161). Theorem (2.2) is 
valid for any nuclear Frtchet space. 
Two bases {Xn}:= O and { YR} ,“= O of S$ are called equivalent if 
C,“= o b,X, converges in S$ if and only if C,T= o b,, Y, converges in 5). For 
the solution of the interpolation problem we will need the following: 
(2.3) THEOREM. Zf {Xn}~co and { Y,}:I~ are two bases in FP and if 
x,,= f b,, Y, with b,, = 1, 
k=O 
y,, = f c,kxk with c,, = 1, 
k=O 
then {X, } ,“= o and { Y, } ,“= 0 are equivalent. 
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This is proven in [18], see also [20]. Also this result is true for any 
nuclear Frechet space. 
3. AUXILIARY FACTS 
Suppose that (L,)F=, is a sequence of complex numbers. In what follows 
we need a few properties of the Abel-GonEarov polynomials (see [3,6]), 
namely, 
Q,(az; alo,..., crl,- l) = cd’Q,(z; lo,..., A,- l); aEc; (3.1) 
further 
Q,,k Lo,..., Ll)= f Qn~k(O;IZk,...,/In-,)ekzk, (3.2) 
k=O 
which we identify with the sequence 
Qnk = 
ek Q,, - k@; ik,.? &, - I 1, 
i. 
k6n 
> k>n.’ 
(3.3) 
By (1.3) the sequence {L,,}p=, is biorthogonal to the sequence {Q,l}~Co, 
where L,,(f) = (WY)(&); that is, 
‘%I = (‘%k)k”= 0 I 
0, k<n 
with Lrlk= ekpr, ^k- (3.4) 
- A II II ’ k>n 
ek 
and hence {Q,,, L,,)Zco is a biorthogonal system. On the other hand, if 
E,,(Z) = Z”E(&,Z) = T E,,kZk 
k=O 
which we identify with the sequence 
6, = (&k)~=o~ 
0, k-en 
where E,,k = 
ek pr’2.kpi’ kan; (3.5) ,I ) 
then the sequence {Z,};=, is biorthogonal to the sequence (E,}Fco, where 
1, = f&k),“= 0 with l,, = 
Qn - k(O; Akv, An - 1)~ 
0, 
;;I (3.6) 
and hence (E,, I,,}~~, is a biorthogonal system. (See [6, p. 171). 
409/l I O/2-4 
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(3.7) LEMMA. Suppose I%,1 d W’(9) R,+Jd,,+,; n=O, 1, 2 ,..., then 
(a) 
ek ii 1 
6 
ek+,,RI”‘Rktn ertR1...R,,’ 
n, k = 0, 1, 2.... 
(b) IfO<S,<-$; k=O, 1,2 ,..., then 
k 
Proof: (a) By the monotonicity of the sequence (dk/dk + ,) we have 
that is, 
dldn+j< 1 
d,d,,,‘ ) 
n = 0, 1, 2 ,..., j = 1, 2 ,...; 
hence for n, k > 0 we have 
ek+n 
. ..R.= ekenA: 
ek+n nil”’ R R k+n 
6 
eken ww” R;, 1 
ek+n R n+l”’ R dk n+k n+l 
= 
where we used that W(9) d d, and that (R,),“= , is nondecreasing. 
(b) By (a) we have 
1 >e,R, ... R, 
which proves the lemma. 
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(3.8) LEMMA. Suppose that (fi,) . 1s a sequence of complex numbers such 
that 
n = 0, 1, 2 ,,.., 
whereO<t<l. Set 
Akn= 
R,R, ’ . ’ R,ek 
RI& . ‘. Rnen 
Qn-JO; P/o..., Pn- 1); 
for k<n, then 
lim sup(y:;r lAknl tk-n)lln G 1. “-CC 
This is proven in [6, p. 19, (4.3)]. It is essential for our purpose and is 
based on an idea of Dragilev [S]. 
4. ABEL-G• NCAROV BASES 
Now we extend, with the help of Theorem (2.1), the results of Frank and 
Shaw [6], in the sense that we show that the Abel-GonEarov polynomials 
are bases in the spaces YR,, and F&, the topology of which is in general 
strictly finer than the topology of compact convergence. And these exten- 
ded results enable us to solve the interpolation problems. 
(4.1) THEOREM. Let (&,),“_, be a sequence of complex numbers such that 
IA,/ < W(9) cp, n = 0, 1, 2 ,...) 
n+l 
where O<c< 1. Then the Abel-GonEarov polynomials { Q,(z; &,,..., 
i,- ,)}:zO constitute a basis in S&. 
Proof Clearly QJz; 1, ,..., 1,- i)~&i, n =O, 1, 2 ,..., as rR(Qn) =O, 
n = 0, 1, 2 ,... . The isomorphism T (see (2.1)) transforms the biorthogonal 
system {Qn, L,};& (see (3.3), (3.4)) into the biorthogonal system 
{Qi,, G),“=,, where 
Q:A = 
RI ... RkekQi,-k(O; ik,..., L ,I, k<n 
k > n, 
k<n 
L;k = -k-r! ek-nhn 
R, ... R,e,’ 
k > n. 
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Since the functions Ye,7 are polynomials of degree n =O, 1, 2,..., they are 
complete in %. Therefore we can apply Theorem (2.2). We have to show 
that for each r (0 < Y < 1) there exists a number s (0 <s < 1) such that 
(4.2) 
Let r be an arbitrary number with 0 <Y < 1. Note that we may assume 
r<c<l and choose s such that O<r<c<s< 1. Set fi,,=A,,/s, then 
I& 6 W(9) tp, n = 0, 1 , 2 ,..., 
II+1 
where 0 < t = c/s < 1. Now we have 
1 
< 
sl’R1 ’ ’ .R,, e,, 
by Lemma (3.7)(a). Hence for every n = 0, 1, 2 ,..., 
where 
and where we used property (3.1), 
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Then by Lemma (3.8) we obtain 
lim sup(max IAi,l ti-“)‘ln < 1. 
n - m j< n 
Let E > 0 be such that t( 1 + E) < 1; then 
max IA,,,1 tip” < (1 + &)‘I 
, i II 
for n 2 N,:. For these n we have 
i (;)’ lA,A = rp$o (-g IA,,1 t’-” 
i=O 
<r”(l +s)~z,~o ; ‘= [t(l +&)]‘1 i (f)’ 
0 /=O 
Hence (4.2) is satisfied and Theorem (4.1) is proven. 
Remark (a). If R,, = d,, for n = 1,2 ,..., then Theorem (4.1) can be proven 
with the help of (1.3) but without use of Lemma (3.7). 
Remark (b). Buckholtz and Frank [4] have shown that the above 
result is sharp in the following sense: There exists a holomorphic function F 
with z~(F) = 1, such that if c> W(9)), then 9°F has a zero in IzI d 
~4, + ,I4 + 1 for all but finitely many n. 
With the help of this result we prove 
(4.3) LEMMA. Let c> W(9). Then there exists a sequence (/I,,):=, of 
complex numbers and a holomorphic function g with zR(g) = 1 such that 
R 
1;1,,1 < c rlfl 
d II + I 
~%(U = 0, n = 0, 1, 2 ,... 
This means that the above function g cannot be represented as a series of 
the form 
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Proof of Lemma (4.3). By the above result due to Buckholtz and 
Frank, one can find a holomorphic function F with TV = 1 and an 
integer N such that 9°F has a zero A,, with 
Set A,, =0 for 06n < N; then 
R 
I/z,I < c f+ n = 0, 1, 2 ,... . 
II + I 
Now let 
N-1 
then p is a polynomial of degree at most N - 1 and by (1.3) 
n<N 
n 3 N. 
We define now g=F-p, then ~,J~)=T~(F)= 1 and 
9MJ-,,) = 0, n = 0, 1, 2 ,... 
With analogous methods as in Theorem (4.1) one proves the respective 
result for the space 9&. 
(4.4) THEOREM. Let (A,,):=, be a sequence of complex numbers such that 
R 
l&l cc-+, 
d 
n = 0, 1 , 2 ,..., (4.5) 
,7+ I 
where c > 0 (not necessarily 0 -CC < W(9)). Then the Abel-GonCarov 
polynomials { QJz; ,Io,..., A,, ~ ,)}:= o constitute a basis in 9&. 
5. INTERPOLATION 
It is obvious that the functions {z”};=~ constitute a basis in all spaces 
F R.1 and ‘6s. Combining the results of Section 4 with Theorem (2.3) we 
obtain 
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(5.1) THEOREM. (a) Let (A,,);=, 
such that 
where 0 -CC-C W(9)), and let (a,,),:=, 
Then the interpolation problem 
be a sequence of complex numbers 
n = 0, 1, 2 ,..., 
be a sequence of complex numbers. 
~‘%(4,) = a,, 
is solvable in the space TR,, if and only if 
(5.2) 
(5.3) 
In this case the solution g is uniquely determined and given by 
where the series in convergent in F& and hence also in the topology of com- 
pact convergence. 
(b) Suppose (A,,),:=, satisfies 
R 
Ii,,/ 6 c”+1., 
d 
n = 0, 1, 2 ,..., 
n+ I 
where c > 0. Then the interpolation problem 
%dA,) = a, 
is solvable in the space F& tf and only tf 
In this case the solution g is uniquely determined and given by 
g(z) = f a,, Q,k A,,..., 4, ~ ,I, 
t1 = 0 
where the series converges in 9& and hence also in the topology of compact 
convergence. 
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Proof: (a) First, we observe that the functions (e,,z”},;=,, constitute a 
basis in &, and that the series 
i; -,I a,, e,, - 
,I = 0 
converges in PR,, if and only if 
Further we have by (3.2) 
adz; A,,..., 4, ~ 1 ) = e,,z” + 1 Q,, _ k(O; 2, ,..., A,, ~ ,) ekzk 
h=O 
and by (1.2) 
e,,z” = QJz; A0 ,..., A,,- , )+ 1 e,,-,i;IpkQk(z; A0 ,..., jbkm ,). 
k=O 
Because {Q,(z;& ,..., jti,,~-,}~zo is a basis in 9$, (Theorem4.1), and 9& 
(~6) is a nuclear Frechet space we can now apply Theorem (2.3) and 
obtain that the two bases {e,~?},~~o and {QJz; A, ,..., E + 1)},y=o are 
equivalent; hence the series 
converges in PR,, if and only if (5.3) is satisfied. Now suppose g E FIR., is a 
solution of the interpolation problem (5.2); then 
g(z) = 1 Wg(E.,,) Q,(z; 1, ,..., A,,- I) 
II = 0 
because {Q,(z;Ao,..., &-l)}$:O is a basis in P&. Hence, by the above 
observation, it follows that (5.3) is valid. Conversely if (5.3) is satisfied, 
then the series 
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converges in 9& and represents a holomorphic function g E P,,,, for which 
(5.2) holds. The uniqueness of the solution follows from the uniqueness 
property of a basis. The proof of (b) uses analogous arguments. 
EXAMPLE (a). Let d, = n, R, = (n/pa)““, p, (T > 0, and let (A,),“=, be a 
sequence of complex numbers such that 
Ii,,/ < c(po)pyn + l)(l’P)- ‘) n = 0, 1) 2 )...) 
where 0 < c < W(9); then the interpolation problem 
P)(k) = a,, 
is solvable in the space [p, o] if and only if 
lim sup n(‘lP) ’ I($ I/r1 < elvP-- ypo)llP, 
,1 - x 
If d,, = n, R,, = n’/” and 
/&,I 6 c(n + l)“““- ‘, n = 0, 1) 2 ,...) 
where c > 0, then the interpolation problem 
PVJ = a,, 
is solvable in the space [p, 0] if and only if 
lim sup ~2”‘“‘~ ’ la,,1 I”’ = 0. 
,I + Lx 
EXAMPLE (b). For d,, = 1, R,, = (n/p~)“~, n =O, 1, 2 ,..., where 0 -CC < 
W(9’), the interpolation problem 
,mT(&) = a,, 
is solvable in the space [p, a] if and only if 
lim sup ~2’~~ la,,1 ‘D 6 (epcr)““. 
,1 - r 
For d,, = 1, R, = n’lp, and 
/A,,/ d c(n + l)liP, n = 0, 1) 2 )...) 
where c > 0, the interpolation problem 
Pg( I”,) = a, 
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is solvable in the space [p, 0] if and only if 
lim sup n’jp Iu,,I I!” = 0. 
II - I 
6. PINCHERLE BASES 
In [ 11, Arsove considers so-called Pincherle sequences { z’Y,( z) } := 0, 
where each Y,, is a holomorphic function with Y,,(O) = 1. Here we 
investigate Pincherle sequences of the form {z”E(;1,,~)},~=~, where E is the 
exponential function belonging to the Gel’fond-Leont’ev differential 
operator 9 and (;l,,)zEO is a sequence of complex numbers. We obtain 
extensions and generalizations of the results in [ 1 l] and [ 151 and in the 
sequel a lower bound for the Whittaker constant W(9) which one can use 
in the preceding results instead of W(9). 
(6.1) THEOREM. Let (A,,),:=, he a sequence qf complex numbers such that 
Then the sequence {z”E(&z)}~=, constitutes a basis in each space FT., , 
where S = (S),y= , with 
o<s,,s+, n = 1, 2,... 
II 
(6.2) 
Proof: First, we have to show that the functions E,,(z) =z~E(A,,z) are 
elements of the space 9&. Let (6.2) be satisfied and write E,, = (Ellk)FzO 
(see (3.5)). Then 
s,(E,,)=lim sup /S, ...Skekp,I/ll:p”)l”k 
k P n 
=limsup IS,...S,+,,ek;l~l”‘k+n). 
kZ0 
Now Lemma (3.7)(b) yields 
t,(E,)~limsup~S,~~~S,,I”‘“+“‘=l; 
kZ0 
hence E,,E.F&, n=O, 1, 2 ,... Let 
E;,= TE,,=(En,),“=,= (S, ...S,,E,2k);-z0 
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and 
where T is the canonical isomorphism between 9& and 9,. The next step 
is it to prove that the sequence {Ed};=, is complete in 9,. As we already 
mentioned in Section 2, the dual space 9; of FI can be identified with the 
sequence space 
(h = (hk)pCO: lim sup (II,! 
k * z 
the duality being given by 
(Ah)= f fkh 
k=O 
‘lk < 1 }, 
f=(fk)?zOE%> h=(h,),“=,EF,. 
By the theorem of Hahn-Banach it is sufficient to show that (E:, , h ) = 0, 
n = 0, 1) 2 )...) h E Pi, implies h = 0. Therefore we compute 
(E:,,h)= 2 E:,,hk 
r-0 
x 
= c S, ... Skek-,,lk-“hk 
where t> 1, 
and 
h”(z) = 2 tkekS, ... Skhkzk: 
k=O 
8,+, n = 0, 1, 2,... 
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Hence if (E:,, h) = 0, then L/“&g,,) = 0, n = 0, I, 2 ,..., where 
W(g) K,. I R,. , 
IL Gyr=cr. II = 0, 1, 2 ,...) 
,,+ I I, I I 
and 
O<c=F< W(B). 
Now we can choose t > 1 so small that tR(~) d 1, because 
r,(h”)=lim sup IR, ... R,LkI”” 
k-rx 
=limsuplR,...R,t”e,S,...S,h,J’~~ 
k + Tc 
< t lim sup Ih,l l” 
k-7 
and h E F’, , which implies 
lim sup lhkl Ilk < 1. 
k+x 
Hence h”~ YR,, Now by Theorem (4.1) the AbelLGonEarov polynomials 
{Q,(z; PO,..., p,,+,)},:=, constitute a basis in FR,, and therefore 
h”(z) = t ~“&B,,) Q,,(-; Bo>..., b’,,- ,I 
,I = 0 
with convergence in P&. From P&B,,) = 0, n = 0, 1, 2 ,..., we conclude 
h;, =O, hence h, = 0 for k = 0, 1, 2 ,..., hence h=O, which proves that the 
sequence {En},:=, is complete in 9,. We finish the proof by showing that 
the complete biorthogonal system (Ei,, I:,};=, is a basis in Yr. According 
to Theorem (2.2) it suffices to show that for each r (0 < r < 1) there exists a 
number s (O<s< 1) such that 
(6.3) 
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First, we use again Lemma (3.7)(b) to compute 
00 m  
1 ri IEnjI = 1 ri IS, ... S.e-- A’-“/ I, nn 
j=n j=n 
= fj ri+n IS, . ..S.+,,e,Afj 
j=O 
= r”& . . . S,, f riISn+l...Sn+iej;l,‘,l 
j=O 
6 rnSl . . s,, f ri=rnS,~.~S,,(l-r)pl. 
j=O 
Next we have 
sup r’s, . ‘Isups 1 ...s,,S-k II’ 1 nk 
k < ~1 k < n 
r ” =- 
0 
sup 
s, “‘S,, 
s -fpk IQ,,.-k(O;~k,...,jl,,~1)/ k < I, s,.,.s, 
suP sk + I ’ ’ s,, IQ,, - k(O; s2k,..., s&- I )I 
k < I, 
. . . 
d 4, sup k+’ 
k<n R 
R IQ,,-&% sAk,..., &-,)I 
k+l”’ II 
sup 
R, ’ ’ ’ &ek 
R, . . . R,e,, 
IQ,,-,@; bkm fin- 111 
k < I, 
‘I suP IAknl, 
k < II 
where 
8,, = & 2 n = 0, 1) 2 )...) 
and where we have used (3.1) and (6.2). We have 
R 
IB,I mw-f% n = 0, 1, 2,...; 
IIt1 
and hence Lemma (3.8) yields 
lim sup(max lAknl skefl)lln < 1. 
n-cc k<n 
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Since 0 < s < 1, this implies 
lim sup(max IAJ)’ “d 1. 
,I -t 7 k <?I 
Let E > 0 be such that (T/s)( 1 + E) < 1. Now we have 
for n > N, and therefore 
r ” 0 - s ’ (1 +E)“< I 
for n > N,. This means that (6.3) is satisfied. 
Next we show that Theorem (6.1) is sharp in a certain sense (cf. [ 1 l] 
and [15]). 
THEOREM (6.4). Let c> W(9). Then there exists a sequence (A,):=, of 
complex numbers such that 
R 
Ii,) <c*, 
d 
n = 0, 1) 2 )...) (6.5) 
,I+ I 
and such that the Pincherle sequence {z”E(A,,z)}~~~, if contained in 9&, is 
not complete in Fs., for any sequence S= (S,);= , with 
ProoJ: First, note 
the sequence space 
S&, n = 1, 2,... (6.6) 
,I 
that the dual space 9:,, of Fs,, can be identified with 
Suppose c > W(9) and choose p > 1 such that c/p > W(9). According to 
Lemma (4.3) there exists a holomorphic function g= (gk)pzO with 
zR(g) = 1 and a sequence (/?n),yzO of complex numbers such that 
and 
I% = 0, n = 0, 1, 2 ,... 
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Set &=p/3,, n =O, 1, 2 ,...; then (6.5) is valid. Let S = (S,);= 0 satisfy (6.6); 
further suppose 
E,E~S.IY n = 0, 1) 2 )... . 
We show that (En};==, is not complete in 9s,,I. We have 
Wg(j3,)= f ek-n g,p;y 
k=,, ek 
‘k-a gk 
ek-nh,, 
k = ,, pkek 
=p” 5 ekpnAf:-“hk = p”(E,, h), 
k = i, 
where h = (hk)& with 
hk=+, k = 0, 1, 2 ,... . 
P ek 
Hence (E,,, h) = 0, n = 0, 1,2 ,..., and it remains to show that h # 0 and 
hE@“’ s,, . Since z,J g) = 1, g # 0 and therefore h # 0. Finally, we have by 
(6.6) 
hk I I 
I/k 
lim sup s <hlSUp j&“‘R,e,h,l”k . . . 
k-r I k k+a 
=limsup IpPkR,...RkgkI’ik=ilimsup IR1...Rkgkl”k 
k+cx P k-x 
=;r,(g)=;< 1, 
hence hey’ s,, and Theorem (6.4) is proved. 
As special cases of (6.1) one obtains the following results. 
Remark (a). Let R, = sup, dk < 00 and 
IJWI 6 -j-k n = 0, 1) 2 )...) 
Hfl 
where s > 0. Then the sequence {z”E(A,z)},“_, constitutes a basis in Pr for 
each r > 0 with 
(see [ll]). 
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Remark (b). Let /?=sup,, Ii,,/ and p=limsup,,, ~ lA,,l. Then the 
sequence {z”E(A,z)},~=~ constitutes a basis in .c for each r > 0 with 
r < min { RJP, W(9 J/p } 
(If R,=/?= co, we set RJfl= cxz). (See [1.5]). 
Ibraginov and Nagnibida [ 12, Theorem 5.41 proved 
(6.7) THEOREM. Let o0 be the solution of 
E(a) = 2 in (0, R,). 
Then the sequence { znE(l,,z) }c= 0 is a basis in Fr for each r > 0 with 
r d min(R,lB, go/p 1. (6.8) 
Note that E(0) = 1 and 
E(o)= f ekok, 
k=O 
where e,>O, k =O, 1,2 ,... Since 
lim E(o)= +GO, 
0 t R<. 
the equation E(a)= 2 has a unique solution in (0, R,). With the help of 
Theorem (6.4) we are now able to obtain a better lower bound for W(9). 
(6.9) THEOREM. Let CJ~ be the solution of 
E(o) = 2 in (0, R,). 
Then o,d W(g). 
Proof Choose R, = d,,/c, n = 1, 2 ,..., in Theorem (6.4), where c > W(g); 
then for II,, = 1, n =O, 1,2,..., the sequence {z”E(A,z)};=~ does not con- 
stitute a basis in e., for any c> W(g) (see (6.4)). But, on the other hand 
by Theorem (6.4), the sequence {z”E(&,z)},“_, is a basis in each space Fr, 
where r < go. Hence rro < W(g). 
Remark. In [3] it is shown, that 
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Since E(d,/2) 6 2, as is easily seen, we obtain 
with equality if and only if d, = d2 = d, = .... 
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